Abstract. Polarization aberrations by highlighting the concepts of polarization aberration fields and of wavefronts of two sheets are explained. The fields have a vector character and are derived from the aberration function of plane symmetric systems. It is shown that in the presence of retardance, an incoming optical field is split into two fields and therefore one can speak of wavefronts of two sheets. Both concepts, polarization aberration fields and wavefronts of two sheets, ease the understanding of polarization aberrations. © The Authors. Published by SPIE under a Creative Commons Attribution 3.0 Unported License. Distribution or reproduction of this work in whole or in part requires full attribution of the original publication, including its DOI.
Introduction
The optical field originated from a point object changes as it interacts with an optical imaging system. The phase, amplitude, and polarization state of the optical field at the entrance pupil of the system can be adversely changed, that is aberrated, when it arrives at the exit pupil. The polarization effects of diattenuation and retardance are one reason for the optical field to change in an adverse manner for producing optimum imaging. Diattenuation refers to the difference in amplitude that the two polarization states may acquire upon refraction or reflection and retardance to the change in phase that those states can also acquire. Polarization issues in optical systems have been long known and some effects and their correction have been reported in the literature. [1] [2] [3] [4] [5] [6] [7] [8] The subject of polarization aberrations has been defined and studied previously 9,10 using a system's Jones matrix, which depends on the field of view and the aperture of the system. This matrix is expanded, for example, in terms of the Pauli spin matrices to provide different terms that represent polarization aberrations.
This article provides an alternative way for understanding polarization aberrations by constructing a set of polarization fields. 11 These basic fields are useful not only for describing the optical field at the entrance pupil of the optical system but notably for describing the optical fields at the exit pupil as a superposition of basic fields. In this article, we provide equations and graphical displays for the first 63 polarization fields. We express the optical field at the entrance pupil plane of an axially symmetric optical system as E ¼ÃðH;ρÞ exp i 2π λ ΦðH;ρÞ
where the time dependence has been omitted,ÃðH;ρÞ is the field amplitude in vector form, and ΦðH;ρÞ represents the optical phase; these depend on the fieldH and apertureρ of the system. We then show that in the presence of retardance the incoming optical field is split into two mutually orthogonal fields.
The surface of constant optical path is the wavefront and there exist two separated wavefronts, or a wavefront of two sheets, that produce two distinct images.
We develop and highlight the concepts of polarization fields and of wavefronts of two sheets for understanding polarization aberrations and imaging. These concepts ease the understanding of how the optical field propagates in an optical system and provide useful insight. Although the effects caused by diattenuation and retardance have been long known, there still exists a need for a clear theoretical foundation of the subject. This article aims at providing such a foundation while providing insight for optical engineering applications.
Construction of the Optical Fields
The first step is to define the optical field at the entrance pupil, and for this we construct the field amplitudẽ AðH;ρÞ. Since we wish to construct fields that are smooth in their behavior with respect to the field and aperture of a system and that have symmetric properties, we use the aberration function of a plane symmetric system. 12 We establish the unit vector~i in the field of view to define the direction of plane of symmetry. Since the aberration function is a scalar, it must depend on the dot products of the field vectorH, the aperture vectorρ, and the symmetry vector~i. This aberration function is written as 
where W 2kþnþp;2 mþnþq;n;p;q is the coefficient of a particular aberration form defined by the integers k, m, n, p, and q. The lower indices in the coefficients indicate the algebraic powers of H, ρ, cosðϕÞ, cosðχÞ, and cosðχ þ ϕÞ in a given aberration term. The angle χ is between the vectorsĩ andH, and the angle ϕ is between the vectorsH andρ, and the angle χ þ ϕ is between the vectorsĩ andρ. The fields, called here theR n fields, must have a vector character; for constructing them we take the gradient of the aberration function for plane symmetric systems, R n ¼∇ ρ Wð~i;H;ρÞ;
where for simplicity the lower index indicates a field number. We construct a complementary set of fields, called theT n fields, by rotating theR n fields by π∕2.
As shown in Fig. 1 , we define the unit vectorr parallel tõ ρ, the unit vector~t perpendicular tor, the unit vectorh parallel toH, the unit vectork perpendicular toh, and the unit vectorj perpendicular to~i. Vectors~i andj are fixed and define the coordinate system. The vectorH ¼ Hh defines the field point, and the vectorρ ¼ ρr defines the pupil point through which a given ray passes.
The first 63R n andT n fields that result from taking the gradient of the aberration function for plane symmetric systems are given in Table 1 . Piston terms have zero gradient and do not contribute to the fields. As a function of the symmetry, field, and aperture vectors, there are three fields of first order, fifteen fields of third order, and forty five fields of fifth order. TheR n andT n fields are graphically shown in Appendices A and B, respectively; each field display is numbered and the functional dependence on the field, aperture, and coordinate vectors is also given next to each field. By construction, theR n andT n fields are orthogonal:
A different route to obtain theT n fields is as follows.
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The components ofR n are on the pupil plane. Let the unit vectorsx,ỹ, andz define a Cartesian coordinate system withz parallel to the optical axis. Then, we can express thẽ T n fields asT 
We have thatR n ·T n ¼ 0 asT n results by rotation ofR n by π∕2; this isT n ¼jR n . Furthermore, since the curl ofR n is zero then theR n fields are irrotational; and since the divergence ofT n is zero then theT n fields are solenoidal. A given vector field that is continuous as well as its derivatives can be resolved into an irrotational part and a solenoidal part. Thus, theR n andT n are an adequate basis to express the amplitudeÃ of an optical field. For completeness purposes, we have presented the first 63R n andT n fields. In practice, however, one would be mostly concerned with the low-order fields; high-order fields represent higher-order amplitude polarization aberrations.
Optical Field Changes of Second Order
In this section, we determine the optical field changes to second order of approximation as a function of the field and aperture of an optical system. These changes relate to the field amplitude and to the field phase. Assume an optical system where the stop aperture is located at the center of curvature of a spherical surface. Therefore, the entrance and exit pupils coincide with the stop location. At the entrance pupil, we have the optical fieldẼ E ¼ÃðH;ρÞ exp i 2π λ ΦðH;ρÞ
whereÃðH;ρÞ, or simplyÃ, is the field amplitude and ΦðH;ρÞ is the optical phase, which depends on the field and aperture of the system. When light is refracted by the surface the polarization state may be changed. For the s polarization state, the surface may change the field amplitude by the factor t s and introduce a phase change ð2π∕λÞδA 2 ðρ ·ρÞ. For the p polarization state, the surface may change the field amplitude by the factor t p and introduce a phase change ð2π∕λÞðδþ ΔδÞA 2 ðρ ·ρÞ. The coefficients δ and Δδ describe phase changes or retardance, and the parameter A ¼ ni where i is the first-order marginal ray angle (slope) of incidence on the surface. According to the Fresnel equations, an uncoated refracting surface does not contribute retardance; however, if the surface has an optical coating then retardance takes place. Retardance is also introduced from light reflection on a metal. The retardance is usually a fraction of a wavelength and to be significant it requires large angles of incidence. In high-numerical-aperture, multilens systems, the cumulative effects of retardance need to be taken into account. The coefficients δ and Δδ can analytically be calculated for simple structures but they can be obtained from phase changes data provided by an optical thin films program. From the Fresnel equations, the amplitude coefficients t s and t p upon light refraction can be derived and to second order of approximation these are
where 
The optical field is described at the entrance pupil plane located at the surface's center of curvature, and to second order of approximation, the unit vectorr is in the plane of incidence of a ray specified byH andρ, and the unit vector t is perpendicular to the plane of incidence of the ray.
After light refraction the fieldẼ 0 at the exit pupil can be written as if both amplitude and phase changes occur simultaneouslỹ
or as if amplitude and phase changes occur sequentially. For simplicity, we take the later route.
When there is no retardance Δδ ¼ 0 between the two polarization states, the optical fieldẼ 0 can be written as
When the retardance Δδ is introduced the optical fieldẼ
We define the unit vectorã parallel toẼ 0 and the unit vectorb perpendicular toẼ 0 . Then, we writeẼ 0 ¼ jẼ 0 jã and define a fieldẼ 0⊥ ¼ jẼ 0 jb perpendicular to the fieldẼ 0 . The unit vectorsr and~t can be decomposed in a component parallel toã and a component parallel tob, where we
We also can write the relationships
The optical field at the exit pupil then becomes
The fieldẼ Ã can be separated into a componentẼ o parallel and a componentẼ e perpendicular to the fieldẼ 0 .
These field componentsẼ o andẼ e can be written (see Appendix C) as
and
We note that jẼ o j 2 þ jẼ e j 2 ¼ jẼ 0 j 2 and thus the energy in theẼ 0 field is conserved and shared by theẼ o andẼ e fields.
The superscripts o and e are used to avoid confusion with the usage of parallel and perpendicular as they often refer to the plane of light incidence.
In this decomposition, each field component,Ẽ o andẼ e , has amplitude and phase and is perpendicular to the other over the entire pupil. Thus, the incoming optical field is split into two fields. Furthermore, for a given optical path length OPL from an object point, a wavefront can be defined for theẼ o field. Similarly, for the same OPL a distinct and separated wavefront can be defined for theẼ e field. Therefore, in the presence of retardance, we can speak of the concept of a wavefront of two sheets, one sheet belonging to theẼ o field component, the other sheet belonging to theẼ e field component. Given the wavefront of two sheets then two distinct images of the source point can be expected. Retardance, and therefore wavefront splitting, can be introduced by a thin film coating on a lens, by reflection on metal, or by a birefringent material. For example, by placing a z-cut, uniaxial crystal in an optical system with its optical axis aligned with the system's optical axis, one can introduce retardance due to the crystal birefringence.
Optical Field upon Stop Shifting
Now, we consider the optical field when the aperture stop is not located at the center of curvature of the spherical surface.
For this we perform stop shifting, which is achieved by replacing in the fieldsẼ o andẼ e the aperture vectorρ with the shift vectorρ shift ¼ρ þ ðĀ∕AÞH and by term expansion. 11 The factorĀ ¼ nī whereī is the first-order chief ray angle of incidence on the surface, and the factor A ¼ ni where i is the first-order marginal angle of incidence. We only retain second-order terms as a function of the field vectorH and the aperture vectorρ.
By 
whereẼ ⊥ is the optical fieldẼ rotated 90 deg. In both of these expressions, the fieldẼ is at the entrance pupil after stop shifting. The fieldẼ is either already known or is obtained by substitution of the shiftρ shift vector in the field at the plane of the surface center of curvature.
Polarization Aberration Coefficients
We now determine the coefficients that define the optical field for an optical system of several surfaces. We assume that to second order the individual surface coefficients add to form the coefficients for the entire optical system. The transmission from two surfaces is the product of the individual surface transmissions. However, when the amplitude factors have zero-and second-order terms, the second-order terms of the product are the sums of the second-order terms of the factors (weighted by the zero-order terms). Regarding phase, it follows from the fact that optical paths add, that we can add second-order phase terms. However, we neglect some extrinsic 14 second-order terms that might be present due to the interaction between second-order terms due to light refraction and second-order terms due to polarization retardance. These extrinsic terms depend on the product of the gradient of second-order aberrations. Since second-order effects from retardance are small then the extrinsic contributions are expected to be comparatively negligible. Effectively, phase contributions due to pure refraction or reflection are accurately accounted by the first-order ray trace. However, when the phase is changed due to polarization retardance, then the standard first-order ray trace based on the surface optical powers will not fully account for firstorder ray paths. There will be a small error which would be accounted for with extrinsic terms. One way to avoid firstorder errors is to include the second-order phase contributions, optical power, from retardance in the first-order ray trace. Table 2 presents a summary of second-order polarization aberration coefficients for a system of q surfaces. These coefficients are the sums of individual surface coefficients for amplitude and phase terms. Their calculation requires the ray tracing of a marginal and a chief first-order (paraxial) rays. The factorĀ ¼ nī is the first-order chief ray refraction invariant, and the factor A ¼ ni is the first-order marginal ray refraction invariant. Those rays have paraxial angles (slopes) of incidenceī and i at a given system surface. Coefficients similar to the presented in Table 2 
6 Optical Field at the Exit Pupil In this section, we present expressions for the optical field at the exit pupil to second order of approximation. In the absence of retardance Δδ ¼ 0 and using the polarization aberration coefficients in 
and the retardance function δðH;ρÞ is δðH;ρÞ ¼ δ 1 ðρ ·ρÞ þ δ 2 ðH ·ρÞ þ δ 3 ðH ·HÞ:
The terms in the amplitude functionÃ 0 ðH;ρÞ represent changes to the field amplitude and orientation. The field amplitudeÃ 0 ðH;ρÞ at the exit pupil depends on the field amplitudeÃ ¼ÃðH;ρÞ at the entrance pupil. If we have a uniform field amplitudeÃ ¼~i, a linearly polarized field, then the field amplitudeÃ 0 ðH;ρÞ involves theR n fields R 6 throughR 12 . These sevenR n fields are often the amplitude changes that take place and are shown in Fig. 2 . If we have a radial field amplitudeÃ ¼r, then the field amplitudẽ A 0 ðH;ρÞ involves theR n fieldsR 13 throughR 18 , which are shown in Fig. 3 . The terms in retardance function δðH;ρÞ represent change of focus, change of magnification, and piston aberrations. Therefore, in the presence of retardance δ ≠ 0, the firstorder properties of the system change.
In the absence of retardance, Δδ ¼ 0, theẼ e field component is absent too.
When there is retardance, 
The phase for theẼ e field includes three more terms through the retardance function Δδ a ðH;ρÞ ¼ Δδ 1 ðρ ·ρÞ þ Δδ 2 ðH ·ρÞ þ Δδ 3 ðH ·HÞ:
These terms change the first-order properties of the system and represent change of focus, change of magnification, and piston aberrations.
Pupil and Image Plane Irradiances
In this section, we illustrate irradiance and the point spread function for theẼ o andẼ e fields whenã ¼ĩ andH ¼ 0. The rows in Fig. 4 shows three cases for different amounts of retardance Δδ ¼ λ∕8, Δδ ¼ λ∕4, and Δδ ¼ λ∕2. For the fieldẼ o , column A gives the irradiance at the exit pupil and column B gives the point spread function assuming no phase errors and that the astigmatism term Δδ 1 ðã ·ρÞ 2 has been corrected. For the fieldẼ e , column C gives the irradiance and column D gives the point spread function assuming no phase errors. Column E gives the incoherent sum of columns B and D.
Note that the irradiance distribution for theẼ o field at the exit pupil is reminiscent of the irradiance distribution under crossed polarizers of a lens that contributes diattenuation. However, in the former case, the pattern resembling a cross appears illuminated (see case A for Δδ ¼ λ∕2) and in the latter case the pattern appears dark.
A more realistic case is when the astigmatism term Δδ b ðH;ρÞ ¼ Δδ 1 ðã ·ρÞ 2 is present. Then, the irradiance patterns as calculated at the medial focus change as shown in Fig. 5 . Note that for a retardance Δδ ¼ λ∕4, there is Table 2 Polarization aberration coefficients for a system of q surfaces.
a significant change in the point spread function as calculated at medial focus.
Elliptical Polarizaiton
In the presence of retardance, the state of polarization of a linearly polarized field changes to elliptical polarization. It is also of interest to determine the properties of the polarization ellipse. Using the definitions,
We write the relationships for the orientation and ellipticity of the polarization ellipse,
sinð2χÞ ¼ sinð2αÞ sin 2π
where ψ is the angle that the major axis of the polarization ellipse makes with theã direction, and the ellipticity tanðχÞ is the ratio of the minor b to major axis a of the polarization ellipse.
We can approximate the tangent of α to second order by
The retardance Δδ d is given by
Then, we can write
which is a second-order quantity. Similarly, the parameter α to second order is given by 
Therefore, the angle ψ is a fourth-order quantity implying that for a small amount of retardance Δδ the orientation of 
For the zero field positionH ¼ 0, the ellipticity is maximum when the aperture vectorρ is at an angle of 45 deg with respect to the vectorã, and at the edge of the aperture jρj ¼ 1. In this case, we can write
For the case of having Δδ 1 ¼ λ∕10, the ellipticity is estimated to be 0.314. Figure 6 left shows a polarization pupil map for a refractive system with no coatings and therefore no retardance Δδ 1 ¼ 0. However, when the lens surfaces are coated, retardance is introduced and the polarization state changes to elliptical as shown with ellipses in Fig. 6 right.
Summary
A useful way to understand polarization aberrations is by the concepts of polarization fields and of wavefronts of two sheets. In this article, we have constructed polarization fields requiring smoothness, symmetry properties, and physical plausibility. To this end, we have used the aberration function of a plane symmetrical system and have taken the gradient to pass from a scalar field to a vector field. We have thus defined theR n andT n fields as an adequate basis to describe polarization fields. These fields carry both aperture and field dependence. For completeness purposes, we have presented the first 63R n andT n fields. However, given an axially symmetric system and a linear input polarization state, one would be mostly concerned with the seven third-orderR n fields (R 6 toR 12 ). If the input polarization state is radial, then one would be mostly concerned with the six third-orderR n fields (R 13 toR 18 ). Higher-order fields represent higher-order amplitude polarization aberrations.
For an axially symmetric system, we have expressed to second order the optical field at the exit pupil as a superposition of polarization field components. We also have provided the coefficients of these fields as a function of the system parameters and have used sums over the system surfaces to find the polarization aberration coefficients for the entire system. Data from a first-order marginal and chief ray is used to compute the polarization aberration coefficients.
In the absence of retardance Δδ ¼ 0 introduced by an optical surface, the field amplitude changes its orientation and magnitude. In addition, the first-order properties of the system change as the optical phase changes according to the function δðH;ρÞ, which represents change of focus, change of magnification, and piston aberrations.
In the presence of retardance Δδ ≠ 0, the incoming optical field is split into two field componentsẼ o andẼ e . Each of these components is perpendicular to the other, and for a given optical path length, a wavefront of two sheets is defined. In addition, the phenomenon of elliptical polarization takes place. For small amounts of retardance, the orientation of the polarization ellipse is a fourth-order quantity and substantially coincides with the orientation of the transmitted field amplitude. The ellipticity is however a second-order quantity and is proportional to the amount of retardance.
The treatment presented in this article is based on previous work, and it is a refinement in that it provides analytically and graphically up to the first 63R n andT n fields. Most importantly, this article highlights the occurrence of a wavefront of two sheets. In the treatment presented here. the phase calculation avoids a linear approximation to the exponential function and shows that the optical field is split into two mutually orthogonal components that would produce two distinct images. We also illustrate the amplitude apodization for the two mutually perpendicular fields and the point spread function due to both fields. Effectively, in the presence of retardance, an incoming beam is split into two beams and therefore accounting for the effects from each beam is of relevance.
The understanding of the classic aberrations of spherical, coma, astigmatism, field curvature, and distortion often presents difficulties. The case of understanding polarization aberrations can be more challenging. However, with the concepts of polarization fields and wavefront of two sheets, the understanding of polarization aberrations is eased, and simplicity and useful insights are gained. This article aims at providing a theoretical foundation to ease the understanding of polarization aberrations for optical engineering applications.
Appendix A Figure 7 shows a graphical display of theR 1 toR 63 fields. Figure 8 shows a graphical display of theT 1 toT 63 fields. 
Appendix B

